The anomalous Ward-Takahashi identity for the superconformal symmetry in the four dimensional N = 1 supersymmetric Yang-Mills theory is studied in terms of the stochastic quantization method (SQM). By applying the background field methd to the SQM approach, we derive the superconformal anomaly in the oneloop approximation and show that there is no contribution from the supersymmetric stochastic gauge fixing term.
It is well-known that the superconformal symmetry is anomalous in N = 1 supersymmetric Yang-Mills theory (SYM 4 ). [1] In the conventional (path-integral) BRST invariant formulation [2] in terms of the superfield, [3] the expectation value of the supertrace of the superconformal current, i.e., the superconformal anomaly, is independent of the gauge fixing procedure. [4] [5] [6] [7] [8] [9] This is ensured manifestly by the BRST exact form of the contribution from the gauge fixing and ghosts in the Ward-Takahashi (W-T) identity for the superconformal symmetry. [9] In this paper, we study this anomalous superconformal W-T identity in the context of the SQM approach. The W-T identity is derived from the superfield Langevin equation with the supersymmetric stochastic gauge fixing procedure which is formally equivalent to the conventional Faddeev-Popov prescription. [10] We show that the contribution of the stochastic gauge fixing term also vanishes by an analogous mechanism of the BRST exactness in the conventional approach. We first derive the anomalous superconformal W-T identity in the SQM approach. Then, we make clear the equivalence of the SQM approach to the conventional BRST invariant approach.
In the SQM approach, the superfield Langevin equation for SYM 4 is given by [ 
Here LV X ≡ [V , X] and the stochastic gauge fixing functions are defined byΦ =
The parameter β is introduced as a scale of the stochastic time τ . A discretized notation is used for the time evolution to allow a clear understanding. ... ∆wτ denotes the expectation value evaluated by means of the noise correlation at τ . We use the convention in Ref. [11] 1 . The superconformal current is derived by a variational principle. We consider the variation of the action, S = − d 8 z 1 4g 2 Tr(Ŵ αŴ α δ 2 (θ) +ŴαŴαδ 2 (θ)), under the "local "superconformal transformationδ sc [12] δ sc e 2gV = −2 e 2gV Ω αŴ α + ΩαŴαe 2gV ,
where Ω α (z) and Ωα(z) are unconstrained superfields. From (1) and (2), we obtain a stochastic W-T identity
1 In particular, we use the abbreviation such asD αŴ α ≡ {D α ,Ŵ α } for [t a , t b ] = if abc t c with tr(t a t b ) = kδ ab and Tr ≡ 1 k tr, in the sense {D α ,Ŵ α } = (D α ) abŴ b α t a in the adjoint representation normalized as tr(T a T b ) = C 2 (G)δ ab with (T a ) bc ≡ if bac for the superconformal current,R αα ≡ − 2 g 2 TrŴ α e −2gVŴα e 2gV . Here we have used the reality condition, e 2gLVDαŴ α =DαŴα . We have also used the fact that the noise variable is uncorrelated with the equal stochastic-time dynamical variables in Ito's calculus.
In the context of the Ito's stochastic calculus, the origin of the anomalies may be traced to the contact interaction of the derivative terms with respect to the stochastic time. [13] In (3), we show that the anomaly comes from the contact term proportional to V ∆V and there is no contribution from the stochastic gauge fixing term.
In order to evaluate the r.h.s. of (3) in the one-loop approximation, we apply the background field method (BFM) [14] [15] to the SQM approach. [11] The original vector superfieldV is splitted into its background, Ω and Ω † , and the quantum fluctuation V as e 2gV = e Ω e 2gV e gΩ † . [15] The superconformal transformation (2) is also splitted into its background part δ (B) sc and the quantum part δ
Here D α and Dα are the background covariant spinor derivatives.Ŵ α = e −gL Ω † W α andŴα = e gL Ω Wα. We expand the non-linear transformation δ (Q) sc with respect to the quantum fluctuation V as
The superconformal current and the action are also expanded as,
αα + ... , and S ≡ S (0) + S (1) + S (2) + ... , respectively. The supertrace of the current R (2) αα , which is relevant in the one-loop approximation, is given by
In BFM applied to SYM 4 in the SQM approach, [11] the Langevin equation (1) is reduced to
where, 
Since the expectation value of the current R
sc S (2) , the quadratic terms in (7) with respect to V are also relevant for the one-loop approximation. To eliminate the terms which depend only on the background fields in (7), we impose a stochastic equation of motion as
The background fields, Ω and Ω † , must be independent of the stochastic time in the equilibrium limit. This means that the classical equations of motion is assumed for the background fields, D α W α = DαWα = 0. We note that this is true in the tree approximation. In the one-loop approximation, as we show later, we impose the effective stochastic equations of motion as a Schwinger-Dyson (S-D) equation derived from the expectation value of (1). We postpone its derivation because the use of the classical background equations of motion in evaluating (3) is consistent to the one-loop approximation. In the one-loop approximation, the W-T identity (3) is reduced to
To derive this expression, we have used the fact that the terms which remain nontrivially in (9) must produce at least four spinor covariant derivatives D α D β DαDβ after the regularization procedure. We first evaluate the term proportional to V ∆V in (9) by introducing the Gaussian cut-off regularization for the noise correlation as
Here a, z|b, z ′ = δ ab δ 8 (z −z ′ ).ˆ ξ is an abstract operator defined by a, z|ˆ ξ |b, z ′ = ( ξ ) ac z c, z|b, z ′ in the adjoint representation. The differential operator ξ has been determined from the kinetic term in (7) . From (7) and (10), we obtain the regularized superpropagator of the vector superfield.
In the equilibrium limit, the dependence on the initial condition vanishes due to the stochastic gauge fixing procedure. 2 In the sense of the Ito's stochastic calculus, the stationary condition of the stochastic-time evolution in the equilibrium limit, i.e.,
From this relation, we can evaluate the anomaly term in (9) as
up to the factor β∆τ . Here we have performed this standard evaluation of the superconformal anomaly in the Feynman gauge ξ = 1. Therefore, provided that the remaining contributions in the stochastic W-T identity (9) vanish, we obtain the well-known anomalous superconformal W-T identity for SYM 4
in the one-loop approximation. We can show that the third and the fourth terms in the r.h.s. of the stochastic W-T identity (9) vanish in the equilibrium limit by using the representation (11) as follows.
Here the differential operators, FP and˜ FP , are defined by
In (14), operatorsˆ FP ,∇ 2 and∇ 2 are defined by a, z|ˆ FP |b, z ′ ≡ ( FP ) ac z c, z|b, z ′ , a, z|∇ 2 |b, z ′ ≡ (D 2 ) ac z c, z|b, z ′ and a, z|∇ 2 |b, z ′ ≡ (D 2 ) ac z c, z|b, z ′ , respectively. (14) is shown by the relations
which hold under the classical background equations of motion, D α W
As we have already mentioned, we impose the effective stochastic equations of motion instead of (8) as a S-D equation in the equilibrium limit for the one-loop analysis. We consider the expectation value of the Langevin equation (1) . For the later convenience, we express it in terms of an arbitrary variation of the action with respect to the vector superfield as
In BFM, the arbitrary variation of the original vecor superfieldV is splitted into the background variation and the quantum one, δ = δ (B) + δ (Q) . We consider only the background variation, i.e., δ (Q) V = 0. Then, in the one-loop approximation, we obtain 1 4g 2 d 8 zTr e −gΩ (δ (B) e gΩ ) + (δ (B) e gΩ † )e −gΩ † (l.h.s. of (8))
in the equilibrium limit. This is in fact equivalent to the effective equations of motion in the conventional approach described by the background variation of the generator of the 1-P-I vertices, provided thatΩ =Ω † = 0 in (18). In the following, we clarify the equivalence of the SQM approach to the conventional BRST invariant approach. [2] In terms of a conventional BRST invariant BFM, the generating functional of SYM 4 is defined by [9] Z = dµe −Stot+Sex , S tot = S + S g.f. + S FP + S NL ,
where dµ ≡ DV DcDc ′ DcDc ′ DBDB. B and B are the Nakanishi-Lautrap (N-L) fields. S ex denotes the external source terms. The nilpotent BRST operator is defined by
where L a b = Tr(t b ·Lt a ) and L a b = Tr(t b ·L † t a ). (19) is expressed in a familiar form [15] (19) , the N-L field simulates the N-K ghost in (21). Although (21) is convenient, the nilpotent BRST symmetry is manifest in (19).
In the conventional approach, the origin of the anomalies may be traced to the Jacobian of the path-integral measure. [16] In order to derive the anomalous superconformal W-T identity from (19), we perform the change of the integration
where (Jacobian − 1) for the change of the integration variable is given by the same expression as in (12) . From the effective equations of motion, δ
Here we have used [δ 
equilibrium limit in the stochastic BFM. (27) also shows that, at least in the oneloop approximation of the stochastic BFM, the stochstic gauge fixing procedure is equivalent to the Faddeev-Popov prescription in the conventional BFM which needs the N-K ghost as well as the F-P ghosts. This is consistent to the formal proof on this equivalence and the perturbative analysis in terms of the stochastic action principle. [11] In this note, we have derived the anomalous W-T identity for the superconformal symmetry in SYM 4 in the context of the SQM approach. The superconformal anomaly comes from the contact term proportional to ∆V ∆V , while there is no contribution from the stochastic gauge fixing term. Although our analysis is in the one-loop approximation, it is a consequence of the fact that the stochastic gauge fixing procedure is introduced through the generator of the local gauge transformation into the time evolution equation of dynamical variables. Therefore, the expectation values of local gauge invariant observables are independent of the stochastic gauge fixing procedure.
